Regarding to the Hawking's proposal about the black holes radiation, they are gravitational dissipative systems from thermodynamics point of view. So, in order to describe these systems dynamically, instead of normal modes we should use a set of complex quasi normal modes (QNMs), which it shows the system is losing its energy. In this paper we investigate an exact spectrum of QNMs for perturbation of a scalar field coupled non-minimally with the Einsten's tensor of an uncharged, non-rotating Banados, Teitelboim, and Zanelli (BTZ) black hole in three-dimensional spacetime. Due to the geometry around the black hole, the scalar field encounters an effective potential barrier. We study this potential numerically and derive exact numerical results for the greybody factors (GFs) and discuss their profiles in terms of particle and spacetime properties. We then proceed to derive the Hawking radiation spectrum for BTZ black hole.
Introduction
Intrinsically, Einstein's general relativity is a nonlinear theory of gravity. So, that is very difficult to obtain an exact solution to its field equations, except for those in the metric tensor of which there is an additional symmetry, as Schwarzschild black hole. Within the framework of this theory, the existence of black holes is anticipated, which is an appropriate ground for understanding many aspects of gravity theory. From the modern point of view, black holes are the simplest macroscopic components in the nature, since they can be determined using a few parameters such as mass, angular momentum and electric charge [1] .
Anymore, if a black hole is perturbed by a physical field (scalar, guage, spinor, or tensor), we will have a ring around its geometry, in the sense there are damped fluctuations. Frequencies and the damping time of these oscillations are generally fixed by the black hole and are independent of the initial disorder.
These are similar to the normal modes of a closed system. But since the field can be ingoing or infinitely outgoing, the corresponding decay modes of these frequencies are mixed, hence they are called quasi normal modes(QNMs). On the other hand, in the black hole physics, QNMs are powerful tools for studying the evolution of perturbations outside the black hole [2] [3] [4] [5] [6] .
The behavior of QNMs can be used to identify the presence of black holes. Recently that the existence of gravitational waves has been detected by LIGO [7, 8] , the existence of black holes and their integration have been proven, and QNMs are more and more of a concern. They provide a lot of information about the black hole dynamic stability, thermodynamics and black hole temperature states, as well as the properties of the background spacetime structure (for typical reviews see Refs. [9, 10] ). Using these modes, we can also obtain valuable information about the physical parameters as mass, electric charge, and angular momentum of a black hole. In general the QNMs have complex values, which their real part represents the oscillation frequency, and the imaginary part expresses the rate of oscillation damping. If the imaginary part be negative, the stability of black hole is guaranteed. QNMs are independent of the initial conditions, and only depend on the black hole parameters (i.e., electric charge, mass and angular momentum value), and fundamental constants (such as the cosmological constant and the Newton's constant).
In the context of quantum field theory for black hole backgrounds, Hawking demonstrated that these objects behave like thermal systems, which their mechanics is governed by four laws of thermodynamics [11] . That is, they have associated with some thermodynamical quantities suchas an entropy and temperature [12, 13] . He also showed that they can emit radiation with a characteristic like a black body spectrum, knwon as black hole Hawking rdiation [12, 14] . Though the spectrum of a black hole radiation at the event horizon is exactly that of a black body, but when quantum mechanics is taken into account, black holes are in fact not black and they obey the laws of thermodynamics. It means that the initial radiation will get modified by the non-trivial spacetime geometry that the black hole generates when it travels away from event horizon. In fact, for an observer located at infinity this spectrum differs from that of a black body by a coefficient called greybody factor, or else absorption cross section, a frequencyand geometry-dependent quantity that filters the initial Hawking radiation [15] [16] [17] [18] .
In the semi-classical approximation, the GFs can be studied by making use of Schrödinger-like equations to study the scattering of a particular particle field by the black hole background [2, 3] . Since the black hole geometry outside the event horizon acts as a potential barrier, as aforementioned the emitted spectrum by the black hole will be modified in order that it is no longer that of a black body, but that of a grey body. This method allows us to compute the transmission and reflection coeffcients of the black hole, in terms of which we can define the corresponding greybody factor. As we will see the GFs and QNMs are closely related to each other, and they are only different in the boundary conditions of the mathematical problem. Studying GFs in different frequency regimes enable us to learn more about the quantum structure of black holes and consequently the quantum gravity.
The second kind of motivation that we put under consideration, is related to the gravity in 2+1 dimensions. Although three-dimensional gravity in pure form has no local degrees of freedom, but it has deep connection with the Yang-Mills theory from the Chern-Simons formalism [19, 20] . Adding higher derivative corrections including christoffel connections or curvature tensors reproduces massive gravity toy models where are good candidates to obtain a quantum theory of gravity such as topologically massive gravity [21, 22] , new massive gravity [23] , minimal massive gravity [24] , and Born-Infeld gravity [25] in the presence of a cosmological constant term. The nice feature of all them is that there are different kinds of black hole solutions to their equations of motion [26] - [35] , which the most reputed one, the Banados, Teitelboim and Zanelli black hole, is called BTZ black hole [36] . In this paper we consider the scattering of a scalar field coupled non-minimally to Einstein's tensor from a non-rotating BTZ black hole. We claculate the QNMs and GFs for the scalar perturbation analytically and study the behavior of the effective potential for the Schrödinger like equation of the scalar field equation. In the case of different couplings and different dimensions and also different black hole one can see the Refs. [37] - [50] .
The layout of the rest of this paper is as follows; In Sec. 2, we briefly introduce the non-minimal coupling theory for the scalar fields and the Einstein tensor in three dimensions. In Sec. 3, we study the scalar perturbations by solving the equation of motion of scalar field in a non-rotating BTZ background analytically. We obtain an effective potential for the scalar field equation and investigate the existence of local maximum raduis and its relation to different values of the constant parameters in the model.
We also determine the QNM frequencies of scalar scattered from the BTZ black hole. In Sec. 4, by matching the near horizon wave function and the far region solution in the intermediate space, we obtain the reflection coefficient and then calculate the greybody factors. Finally, inserting the result in the relation of decay rate of black hole, we get the spectrum of the Hawking rdiation. In the last section we summarized our results and give some concluding remarks.
2 Non-minimal coupling of scalar field to Einsten's tensor This kind of coupling between a scalar field and linear curvature tensors of gravity have been proposed extensively in the cosmological models [51] [52] [53] . The most general Lagrangian of gravity which is linear in φ and curvature tensors introduced in [51] , includes the following terms
It has been shown in [51] that the last three terms can be neglected due to some Bianchi identities and divergencies and the third term becouse of boundary conditions can be removed, so only the first two term remain to consider. For a particular choise of couplings, i.e., α 1 = − 1 2 α 2 we obtain a nonminimal coupling of scalar field to Einstein's tensor. Though this Lagrangian has introduced for gravity in four dimensions, in this paper we pair this coupling term to a massive scalar field Lagrangian in three dimensional space time.
In the other word, we want to study the QNMs of a scalar field which its equation of motion is given by the variation of the following action
where in comparsion to relation (2.1) we have chosed the couplings as
and ξ is a constant with dimension of length-squared. Varying the action (2.2) with respect to φ, we obtain the scalar field equation of motion
which is a modified Klein-Gordon equation in comparsion to general quantum field theory. In the equation (2.4) or equaivalently action (2.2), g µν and G µν are respectively the inverse of metric and Einstein's tensors, and m s is the mass of scalar field. It must be noticed that though the scalar field equation of (2.2) is higher order of derivatives, but as discussed in [53] , by using the Bianchi identity ∇ µ G µν = 0 and the parameter selection (2.3) one can show that the equation is of second order, i.e., (2.4).
It is hard in general relativity to obtain an exact analytic solution for the equations of motion of the action (2.2) which includes the back-reaction of matter scalar field on the geometry of background metric.
So, hereafter, we assume its back-reaction effects on the background can be neglected exactly. On the other hand, the study of black hole physics, as fascinating objects in modern physics, is of interest and exploring the behaviour of scalar fields, when are non-minimally coupled to the Einstein tensors in their backgrounds, is constructive. During the remain of this paper we will investigate the QNMs , GFs and
Hawking radiation for scalar fields in the BTZ black hole spacetime by using the matching technique, which has been widely used in evaluating the absorption probabilities and Hawking radiations of various black holes [15, 45, 47, 49] .
The effective potential of non-rotating BTZ black Hole
We treat the weak external scalar filed as a probe field, and then study the effects of the coupling constant ξ on the QNMs and greybody factor of the scalar filed in the background of a non-rotating BTZ black hole spacetime. The line element of the BTZ black hole [36] is given by
where the functions f (r) and N ϕ (r) is defined in terms of ADM mass and angular momentum of BTZ black hole as
where in the non-rotating limit J → 0, we have f (r) = −M + 
where r h = l √ M is the event horizon of black hole with area A h = 2πr h and κ is the surface gravity on the event horizon. We use this value in Sec. 4 to determine the rate of BTZ black hole decay.
Now we shall consider a massive scalar field as a test field on the BTZ background (3.1). Substituting the following factorized ansatz for the scalar field
and the metric (3.1) for stationary case (J = 0) in the equation (2.4), we obtain a differential equation
for the radial part of φ as
The prime is the derivative with respect to the r coordinate and m is a quantum number of the angular coordinate ϕ. We can write the equation (3.4) as a Schrödinger-like equation [2] , [3] with an effective potential. To finding this potential we need to introduce new definitions as
for a d-dimensional spacetime. The new radial coordinate x is called the tortoise coordinate which its integration from event horizon to some distance r gives
After some calculation and substituting (3.5) in the equation (3.4) we find that
where the effective potential is
As seen in (3.8), the effective potential tightly depends on the constant parameters of the theory. Here, we discuss and analyze this potential numerically. The potential can have some local maximum regarding to different vslues of constants. Extremising the potential (3.8) with respect to r and then substituting f (r) = −M + r 2 /l 2 , we obtain the location of the extermum as 9) in which the scalar field has some unstability. According to the relation (3.9), in order to have a real value for the position of extermum we must have the following conditions coincidently
otherwise there is no local extermum for the effective potential. Also (3.10) shows that in the case of massless field there is no maximum and states that the black hole does not undergo destablization. The interest to finding a local maximum for the effevtive potential is an essential condition for our work, since we want to study the GFs of the black hole which it needs a potential barrier. As expected this local -It can be infered from Fig.(2a) that the mass of scalar field has a determinative rule in the stabilty of particle around the black hole. The increase of mass leads to destablising of particle by appearance of a potential hill.
-According to the Figs.(2a) , (2c), and (2d) for any arbitrary value of black hole mass M , there is an intersection point among different plots of some particular parameter at distance r = 5. In fact this is the event horizon for which the effective potential vanishes. Though the mass of black hole has no effect on the existence of local maximum, but its value scales the location of extermum and the magnitude of effective potential. 
Analytical solution of radial equation
In order to solve the radial equation (3.4) analytically and determining the QNMs of the scalar field we introduce the dimensionless parameter
where the equality values z = 0 and z = 1 are correspond with the event horizon and asymptotically far region, respectively. The differential equation (3.4) in terms of parameter z becomes 12) where the constants are defined as
We can rewrite the Eq. (3.12) as an Hypergeometric differential equation by using the following redefinition of radial function 14) such that by substituting this in Eq. (3.12) the new function F satisfies the following equation
where now the constants are given in terms of new parameters α and β by
To find the solution we must apply some constraints on the coefficient of function F to remove the poles at z = 0 and z = 1, so
where due to these constraints we obtain
Again by definition three new parameters
which one can easily check they satisfy the relation c − a − b = 1 − 2β. Gathering the above information the Eq. (3.15) finally reduces to a hypergeometric equation [55] 
The solution of this equation is a linear combination of hypergeometric functions which from the relation (3.14), the general solution of Eq. (3.12) is given by
where C 1 and C 2 are constants of integration and F s are the hypergeometric functions.
Quasi Normal Modes
Since we are looking for the wave functions which are purely ingoing at the horizon z = 0, the boundary
. So, in the naer horizon region we have only the contribution of first term in (3.21) as
The behaviour of radial part of the scalar field in the far region, z = 1, is described by (3.14) acompanied with the transformation for hypergeometric function [54] 
From the relations in (3.19) we have
Using the relation (3.11) we can rewrite the asymptotic (r r h ) behaviour for radial function as 25) where the new constants are given by
The first term is an ingoing wave at the asymptotic infinity while the second one represents an outgoing wave. Since we want the scalar wave function to be purely outgoing, so the first constant Y + must be zero. From the properties of the Gamma functions in general textbooks of Mathematics (Weierstras's form) [54] , due to vanishing the first term we obtain 27) in which n = 0, 1, 2, . . . . Substituting the values of constant parameters from the relations (3.13) and (3.18) in (3.27) we achieve the following QNMs for the scalar field
Here it must be also noted that if one requests the boundary conditions which there is no propagation of wave at far region, the coefficients Y − and Y + both must vanish, so we will obtain a second set of QNMs from the condition
In this case to determine the QNMs, we must choose frequences that are coincide on both boundary conditions. We are not going to discuss this issue further in this paper. As we can see from the expression for the QNMs in (3.28) mostly all the physical parameters have contribution to the imaginary part of QNMs, so they play an important role in stablizing the BTZ black hole. There are two terms in the imaginary part with different signs. According to the ansatz (3.3), the first one which has the minus sign represents the unstability of black hole while the latter with positive sign states the stability of the black hole. As been anticipated, the non-minimal coupling ξ destablizes the black hole. In the table (1) 
Greybody factors and Hawking radiation
About one half century ago, Hawking showed that black holes can radiate just like a thermal system and due to this property, they produce a connection between the classical gravity and quantum mechanics [12] .
This radiation emitted by the black hole is described by a black body spectrum at the event horizon which is consistent with the ingoing boundary condition that we have chosed before. However, far away from the black hole horizon, it will get modified by the black hole geometry. In the picture shown in Fig.(3) , we have drowen how the geometry around the black hole modifies the hawking radiation at the event horizon. This change in the spectrum is given by the GFs. In a semiclassical approximation, These GFs can be calculated by studying the scattering of a field in the black hole background. Figure 3 : The solid red line is for emission rate at the event horizon and the orange one is for geometry around the black hole.
The emission rate of a black hole, named as Hawking radiation, in the frequency ω in three-dimensional spacetime is given by
where β is the inverse of the Hawking temperature of the black hole at event horizon and the minus (plus) sign is used when considering bosons (fermions). This formula is valid for both massless and massive particles.
In general, the geometry of the spacetime surrounding a black hole is non-trivial. Taking this into account, we might imagine that once Hawking radiation is emitted at the event horizon, it will get modified by this non-trivial geometry so that when an observer located very far away from the black hole measures the sprectrum, this will no longer be that of a black body. This is indeed the case: the black hole geometry outside the event horizon acts as a potential barrier that filters Hawking radiation, i.e., part of it will be transmitted and will travel freely to infinity, whereas the rest will be reflected back into the black hole. We have depicted this implication in Fig.(4) . In terms of formulas, we can summarize the previous statements by saying that the spectrum emitted by a black hole that an observer at spatial infinity would measure is given by
where γ is the so-called greybody factor of angular quantum number m, which depends on the frequency of the particles under consideration and is given by
where A in and A out are, respectively, the ingoing and outgoing amplitudes of the wave function and dependent on the corresponding frequencies. In general contexts, the left hand side of (4.3) is also referred to the absorption cross section, σ abs (ω), see Refs. [15] , [37] , [38] , and the second term of the right hand side is called the reflection coefficient R(ω) [43] . So, it is instructive to consider these coefficients and as a consequently the rate of black hole decay (4.2), in different regims of frequencies.
In order to find the GFs we need to consider the behaviour of the scalar wave function at the far region. We should estimate the equation at large distances and then match the solution of the differential equation to one we obtained in sec. 3. So, we solve the differential equation (3.4) in the r → ∞ limit.
To this end, it becomes
where its solution is given simply by
Here we have used the approximation mark ∼ instead of equality to show the result is an asymptotic solution. The two relations (3.25) and (4.5) for R(r) in the large r limit are called "stretched" solutions.
Using the minus sign for β in relation (3.18) similar to one choosed in the previous section, it was
shown that both of these relations have the same power-law behavior and their smooth matching is straightforward. So, identifying the coefficients of the same powers of r, we arrive at equalities
Hence, the GFs and the reflection coefficient from the relation (4.3) are
furthermore, by substituting the parameters from (3.13) and (3.18) in the constant coefficients (4.6) we
in which we have used the following relations for the gamma functions [55] ,
Notice that according to the conditions (3.10) for the parameter β we have
where we have used this condition to achieve the relation (4.8). It has been shown in [15] that the GFs of arbitrary quantum number in the case of asymptotically flat black holes in d dimensions vanishes in the zero frequency limit. The validity of this result in d=4 dimensions for the minimal and non-minimal coupling of a scalar field with Ricciscalar are given in [16] and [47] .
In the low energy limit we can expand the GFs as
where γ 0 = 0,
As seen, in the low energy limit, the GFs depend linearly on the frequency ω acoording to (4.12). Of course, if we choose the constant parameters such that ξ = l 2 (m 
DISCUSSION
In this work we have studied the impressive role of a black hole geometry on the propagation of a massive scalar field when it emitted in the gravitational background of a non-rotating BTZ black hole in three-dimensional spacetime. To this end, we considered a theory in which the scalar field coupled to the Einstein's tensor of gravitational background non-minimally. We have shown that the differential equation of motion of scalar field in its radial part changed to a Schrödinger-like equation with an effective potential by using a tortoise change of coordinate r. We have ploted the behavior of this potential for different values of particle and spacetime properties in Figs. (1) and (2) . It has shown that there is a constraint on the parameters for which we have a local maximum for the potential as a necessary point to consider the greybody factors. According to the Fig.(1) , when we increased the coupling constant regarding to (3.10), the potential shows different behavior and the local maximum disappears by increasing the cosmological constant. We have seen that there was a similar disappearance for the maximum by decreasing the mass of scalar field in Fig.(2a) and that the value of potential barrier became larger by increasing the mass and decreasing the cosmological constant for some typical value of coupling constant ξ.
We obtained an exact analytical spectrum for the quasi normal modes of massive scalar field perturbations around the BTZ black hole by solving the radial equation of motion in terms of hypergeometric functions and then the results were given in the Table (1) . For example the results show that the presence of the non-minimal coupling modifies both the real and the imaginary part of the frequencies, although it does not enter into the latter explicitly. Since the imaginary part is clearly always negative, the modes are stable. In the second part of this article, we studied the hawking radiation rates of BTZ black holes and show that these emission rates were modified by some greybody factors which are defined because of the geometry around the black hole. We derived the GFs in the low energy limit and it was shown that to zeroth order of ω, they are vanish, while to first order we have a nonvanishing term as a function of scalar and black hole parameters. Note that we stated that this order can be zero too, for some choice of coupling constant. However, we have depicted these factors from (4.7) for scalar characters in Fig. (5) .
Though, we could plot this factor for different parameters but we only sketched it in terms of ξ and m and the plots showed a suppression by increasing their values. In contrast, we ploted the Hawking radiation in terms of black hole parameters M and l in Fig. (6) which showed opposite behavior by increasing their values.
Although a lot of studies have been done in the case of non-minimal couplings in four and general d dimensional spacetimes for different kind of black holes, such as Schwarzschild and AdS like black holes, there are also some not considered calculations in three dimensions for different kind of black holes and different models of minimal and non-minimal coupling theories [37] - [50] . For example, one can consider similar calculations for massive gravities and Lifshits backgrounds which we are interested them for future studies.
